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The method for the construction of periodic solutions of autonomous 
systems with one degree of freedom is worked out in detail for the case 
of simple nonzero roots of the equation for the basic amplitudes [ 1,2 1. 
The present paper considers the general case when the roots of the above- 
mentioned equation, being real and nonnegative numbers. can have any 
multiplicity. 

1. Consider a nonlinear vibrating system with one degree of freedom 

;; +k2x=pf(x, ‘& p) (1-i) 
l’be function f(n, dx/dt, p) will be considered analytic with respect 

to its argum&nts in a certain domain. ‘Ibe quantity /.L is a small para- 
meter. 

Introduce a new independent variable z = kt. ‘Iben equation (1.1) 
assumes the form 

In what follows the derivatives with respect to r will be denoted by 

a letter with a prime. 

Since the system is autonomous, then without loss of generality one 
of the initial conditions can be assumed to be 

x’ (0) = 0 (I.31 
Corresponding to this assumption the solution of the enerating equa- 

tion (p = 0) 
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%” (4 + 5 (4 = 0 
has the form x0(' 1 = AOcos r. 

We shall seek periodic solutions of the basic equation (1.2) by the 
method of a small parameter. let the second initial condition be of the 
form 

W=Ao+B (1.4) 

where /3 is a function of cc vanishinK for cc = 0. 'Ihen the unknown func- 
tion x will have the form x = n(r , 8, p). 

It is well-known that the period of vibrations of the autonomous 
system (1.2) depends on the parameter ~1 and may be put in the form of a 
sum T- % + a, where Z&r is the period of the generating solution and a 
is a certain function of cc vanishinK for p = 0. 

let us determine the structure of the function xk, /3, cc). Assuming 
that this function can be developed in a series of integral powers of 
the parameters /3 and cc, we shall have 

~(~,~,CL)=~o(~.)+~1('E)B+C1(~)~++Bz(~)BL+~1(~)~IL+C9(~)~*+... 

The functions B,(r) satisfy the equation 

B,,” (T) + B, (T) = 9 

the initial conditions being 

(n = I,& . . .) 

in 

J-%(0)=1, B1’ (0) = 0, Bn (0) = 0, B,’ (0) = 0 (n=2,3, . . .) 

Consequently, 

B1 (T) = cos f, B, (7) = 0 (n= 2, 3,. . .) 

Taking this into account, the function x(r) 0, p) can be represented 

the form 

It is necessary to remember that all C,(r) and their derivatives with 
respect to /3 are evaluated for p = p = 0. From formula (1.5) it follows 

that the identity 

holds. 

(l-6) 
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It is obvious that this property is possessed not only by x but also 
by any of its derivatives with respect to r. In particular, 

(I.71 

Let us prove that differentiation with respect to /3 can be replaced 
by differentiation with respect to A, also in mixed derivatives of x with 
respect to /3 and ~1, these derivatives being evaluated for the zero values 
of the partmeters. First notice. that under the assumptions made the 
function f(x, kx'; ~1 can also be developed in a double series of inte- 
gral powers of /3 and ~1. 

Consider the coefficient of Sahel in the expansion of x(r, 8, cc). 
This coefficient can be obtained by solving the corresponding nonhomo- 
geneous differential equation of the second order for the initial condi- 
tions equal to zero. h!ultiplying both sides of this solution by 
n! (n + l)! we obtain 

(1.8) 

and that a similar identity exists for x'. k. us prove that analogous 
formulas hold for the mixed derivative of the order m + ha + 1). 

Since 

am+n 
f F 

( 
a~ ax am+% ax’ ax‘ 

-= 
then 

apmapn m,n @‘,,Y...,apmatrn Z’Gl.. 

From the formula (1.8) and the fonaula obtained by differentiating 
both of its sides with respect to r, the sought relations immediately 
follow. 'l'he identity (1.9) holds for n = 0, and, consequently, it will 
hold also for any n. Analogous identities hold for any derivatives of x 
with respect to r. 

MakinK use of these properties, the function x(r, 8, ~1 can be re- 
presented in the form 
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Consequently, in order to construct the function x(r, /3, ~1, it is 

necessary first to know the coefficients C,(r 1 of p”. The remaining 
coefficients of the double series can then be obtained by successive 

differentiation of C,,(r ) with respect to A,,. Denote 

where df/Q is the complete partial derivative of the function f(x, kn’ JL) 

with respect to cc. ‘Ihe coefficients C,,(r) satisfy the equation 

C,” (T) + C, (7) = & H, (7) 

the initial conditions beinK C,,(O) = 0 and C,‘(O) = 0. From this it 

follows that 

C,,(T)=~ 1 H,, (TJ siu (T - T,) &, C,‘(T) = & i.H,,(r,) cos (T - 7,) &cl (1.11) 
0 U 

The first four functions Hn(r ) are 

HI (7) = f (x0, kxO’, p) = f (A, cos c, - kA, sin 7, 0) (1.12) 

Hz (9 = g)” C, + (g), G + ($>, (1.13) 

H, (9 = ;(g), cl2 + ; (;&),l, + s(s), + (~)OcIc~~ + 

-I (gj$&G + (gjJOCIP + (90c2 + ($)0c2 (1.14) 

HA (9 = $ (g)0C13 + &$),G3 + i(g), + $(b$$+,ac,’ + 

+ $ (&), CAP2 + $ (G,. Cl2 + &&Jo Gt2 + &gT>, Cl + 

+ gj&Joctl + ( &Zap p1c~ + (35c2 + (~)oclGJ + 

+(&>, (CJ2 + Cl’&) + (-&- )52 + (&p; + ($)oc3 + ($i)0C3p 

. . . . . . . . . . . . . . . . . . . _ . . . . . . . . (1.15) 

The subscript 0 indicates that in the partial derivatives of the 

function f the variables x, x’ and p must be replaced by A, cos r , 
- A, sin T and 0 respectively. 

2. ‘Ihe periodicity conditions for the function x(z , 0, p) and its 

first derivative with respect to r , in conformity with the initial con- 

ditions (1.4) and (1.3), can be given in the form 

z (2x + a, B9 CL) = A0 + p (2.1) 

z’ (2;r + a, 8, p) = 0 (2.2) 

From condition (2.2) which defines the quantity a implicitly, let us 
determine a = a@, p) in the form of a double series of inteRra powers 

of B and /L. For the determination of the coefficients of this series it 
is necessary to calculate the partial derivatives of a with respect to 
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/5?andpforr=2n andfi=fi=O. 

‘lhe existence of partial derivatives of the implicit function 

is assured in the present case by the condition 

9 (2P, 0, 0) = - A0 # 0 

113 

a(& a) 

(2.3) 

Thus the construction of a series solution for the function a@, a) 

is possible only in the case when the amplitude of the mneratiw solu- 

tion is different from zero. 

Since all derivatives of x’ (r , 6, p) with respect to /3 are equal to 

zero forr = 2n andp= 0, then 

[a”a 
-) lap” L=O = 

0 (m = 1, 2, . . .) 

(h the basis of the identity (1.9) in mixed derivatives the differen- 
tiation of the function a with respect to /3 can be replaced by 

differentiation with respect to A,, i.e. 

Gnsequently, it is only necessary to calculate the partial deriva- 
tives of the function a with respect to P. Calculating successively the 

first four derivatives, we obtain 

(2.4) 

(2.5) 

(2.6) 

(c,jo = 2 (C; (2x) + $ H, (2x) 1v,(2x) -[Cz (279 - $ H, (2;r)]N,(27c) - 

- 
c 
C, (2~) +$ C,’ (2~) Cl’ (2x)-k&H,’ (2~) Cz’(2~) +s&jH,(2n)C1”(2r)- 

- &A H,” (2~) C1’2 (2~) - &H, (2x) H,’ (271) Cl’ (2~) - 

.- -!.-_ H,’ (2x)5’, (27;) - ;- II, (2~91 X, (2x)} = 24N, (2:) 2k”Ao (2.7) 

. . . . . . . . . . . . . . . . . . . . . . . 

Hence for the function a we obtain the expression 

Let us note that all quantities N, and their derivatives with respect 
to A, are evaluated for r = 2 R and 0 = p = 0. 

Now consider the condition (2.1). For a preliminary simplification of 
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this condition expand the left-hand sides of (2.1) and (2.2) in series of 

powers of a. Mtiply the equality (2.2) by a and subtract it texm-by- 
term from the equality (2.1). We then obtain 

X(2% B, p) - + a2Zn (2x, /3, p) - $ aS” (27i, p, 1~) - $ aJa”” (2w, p, IL)-... I 

=&+P (2.9) 

Substitute in this equality the expressions for x(2n,@, P), x”(2n, 

B, cc), **a as given by formula (1.10) and for a its expression by formula 
(2.8). The terms of the left-hand side of this equality are products of 

two functions, each of which possesses the property (1.9). Terms on the 

same side which are independent of P are compensated by the right-hand 
side. Thus the condition (2.9) can be put in the form 

(2.10) 

Let US note that the quantities M, are also evaluated for r = 2n a& 
0 = p = 0~ Calculating them we obtain 

Mr (2n) = cr (2x) (2.11) 

M2(2n) = cz (279 + &- C,‘2(2x) (2.12) 

6(2x) = C, (2’9 + +[C2’ (2~) + &+(2w) Cr’ (2a)]C,‘(2x) (2.13) 

M.(2=) = C, (2%) + &- c2'2w + -&[c2w+ & H,(2w)C,‘(279-- 

- 2& c2 (24 Cl' (274 - & c1's (2%) + & H,’ (2a) Cl’2 (2x) + 

+ &~2Wl' (24 + &+12(2x)cl' (27+,‘(2*) (2.14) 

. . . . . 

3. The obtained 

quantities a and #? 

(1.2). 

Assuae that the 

. . . . . . . . . . . . . . . . . . . . . . . . . . . 

formulas permit us to pass to the determination of the 

and to construct periodic solutions of the equation 

quantity /3 can be expanded in a power series of p, i.e. 
(P 

p = 2 A$ (3.1) 
n=1 

Substituting this series into the formula (2.10) and equating to zero 
the coefficients of all powers of ~1, we obtain* 

MI (2w) = cr (279 = 0 (3.2) 

AI 2 + M,(2a) = 0 (3.3) 

l The formulas (3.2) to (3.4) coincide with the periodicity conditions 

(21). (26) and (31) for the functions a,(r) in the paper [2 I. 
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A,$ +fA,‘$ +Al$$+M,(2rr)=0 

A ac,+A~(~+A~~)+$,l,~+ ’ i+Ao 

+~A~a~+A,~+M,(2n)=0 
0 

(34 

(3.5) 

From the obtained condition the mnplitude A, of the generating solu- 
tion and the coefficients A,(” = 1, 2, . . . ) determining the initial dis- 
placement fl of the system can be calculated in succession. 

The condition (3.21 is an amplitudinal equation from which A,, csn be 
calculated. If A, is not a multiple root of the equation (3.21, then from 
the remaining conditions, which are linear with respect to A,, A,, l **, 
these coefficients can be calculated in succession. 

If equation (3.2) has a double root, then for such a root d C1 /a A,= 0. 

In order that a periodic solution exist in the last case, it is 
necessary that the supplementary condition M 
last fact is easily seen from the condition ‘i 

(2 n) = 0 be satisfied. ‘Ihis 
3.3). 

If this condition, together with that of (3.21, is identically satis- 
fied, then dM2 /dA, E 
equation 

0. l’he coefficient A, is Riven by the quadratic 

+A2 1 g$+M,(2x)=o 

Since the quantity A, must be real, then there can exist for A, either 
two values or none at all. lhe equation for the dete~inati~ of the re- 
maininK coefficients A,, A,, . . . will again be linear. 

‘Ihe case of a triple root of the amplitude equation (3.2) can be dis- 
cussed in a similar way. Here, for the existence of a periodic solution, 
it is necessary to satisfy one additional condition hf3f2n) = 0. ‘lhe 
coefficient A, in such a case is determined by an equation of degree 
three. 

It is obvious that for a root of multiplicity n of the equation (3.2f, 
n- 1 supplementary conditions will have to be satisfied, and the coeffi- 
cient A, will be given by an equation of degree n. 

Thus, in the case of multiple roots of the equation for the basic 
amplitudes, bifurcation of the ReneratinR solution is possible. 

In order to determine the period of the solution of the equation (1.21 
assume that this period can be represented in the form of a series in 
powers of M, 
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Then 

T=2n(l+h,~+hy2+*..) (3.6) 

a = 27~ 2 h,pn 
n=1 

(3.7) 

Substitute in the right-hand side of the formula (2.8) the expression 

(3.1) for B and replace the left-hand side by the series (3.7). Equating 
the coefficients of equal powers of P on both sides of the equality we 

obtain* 

h&N, (3.8) 

(3.9) 

(3.10) 

(3.11) 

Let us make an additional substitution for the independent variable 

by putting 

and let us look for 
solution has period 

the functions C,(z ) 

We then obtain 

~=q,(l+h,~+h,p~+ . ..) (3.12) 

a solution of the equation (1.2) in terms of r,,. ‘Ihis 
2n, independent of P. Substitute (3.12) for r into 

and cos 7 and expand them in series of powers of ~1. 

c,, (7) = c, (50) $ //,70Cn’ (Y,,) p + [h,~,,C, (C”) + -’ /l,*T"Tn* (q,)]p2{- . . . (3.13) 

and 

cos T = cos TV- h,T(, siri 7”~ - (h,q, sin T” + {- h,2T.,2 cos T,) p2 - 

- kl-, sin ‘co + hlhzq,* cos r. - $ h,%,3 sin cO) px - . - . (3.14) 

Substitute into the formula (1.10) the expressions (3.13) and (3.14) 

for the functions C,(r) and cos r and drop the subscript 0 of r,,. Expand 

the left-hand side of this formula in the form of a series in powers of 

the parameter cc, i.e. let 

’ Formulas (3.8) to (3.10) coincide with the formulas (22). (27) and 
(32) of the paper [2 I, obtained from the conditions of periodicity 

for the functions b,(r ). 
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s(~)=~~(‘t)+~~(~)+~222(It)3- *‘* (3.15) 

lIquati* the coefficients of equal powers of at on both sides of the 
equality, wu obtain 

Z,(T) = A, cos T (3.16) 

x1 (7) = Ai cos 0 + C1 (T) - &A,T sin ‘i: (3.17) 

x2 (T) = A, cos ‘c + c, (T) + h,zCx’ (7) + A* 2 - 

- haA17 sir1 < - f- h12A,~2 cos ‘: - It,& sin ‘: (3.18) 

2, (7) - A, cos 5 + C, (7) + h&, (T) + A, 2 + It,& $ + + hl%2C1” (T) + 

+ h,til’ (T) + A, 2 + $ Al2 g - hlA,T sin z -$ - h12A$ cos z - 

- h2Alr sin 5 + $ hl”A,,? sin 7 - hlh,A,:2 cos ‘c - hsA,T sin T (3.19) 

. . . . . . . . . . . . . . . . . . . . . . . . . . 

It is obvious that the functions C,(r) contain nonperiodic 
are coqxmsated by the terms depending on h,, h,, . . . . hn* 

4. Gmsider the case of a zero root A, = 0 of the equation 
the basic mlitudes. 

terms which 

(3.2) for 

let us note that one root of the amplitude equation is always zero, 
rhich may also be a multiple root of odd order. The preceding analysis, 
however, is not applicable in the case of a zero root. 

By means of formula (3.12) introduce into equation (1.2) a new inde- 
pendent variable. Ihen we obtain 

xW+Ps=&~~x, +5*, k) (4.1) / 

where 
h == 1 4- h,p + h,p’ + . . . (4.2) 

kt us look for a solution of (4.1) in the form of a series (3.15). 
‘lhe function x1 is determined by the equation 

51* + q = Pf(O, 0, 0) 

‘Ihe solution of this equation under the conditions (1.3) and (1.4) 
have the form 

51 = PI COST + Pf(0, 0, O), P1 = A, -k-y(o, 0, 0) 

For the function x2 m have the equation 
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If A, = 0 is a sinple root, then fra the periodicity condition for 

x2 it follows that P, = 0. In the case of a multiple zero root we have 
the condition 

[ 
2/z,--& g 

( >I 0 
Pr=O 

lhder the assumption that the expression in the squared brackets is 
equal to zero, it follows from the periodicity condition for the function 

x3 that PI = 0. Hence we have that x1 = A,. Fran the conditions of 

periodicity for the immediately following functions x, we obtain that 

x2 = A,, x3 = A,, and so an. Consequently, 
m 

‘lhus the zero solution of the generatinE equation corresponds to the 

time independent solution of the complete equation. 

Substitute the obtained value of x in equation (1.2). Then 

B = Pk-“f(B? 09 II) (4.4) 

ExpandinK both sides of this equality in series of powers of ,Q and 

equating coefficients of equal powr of p, we will obtain formulas for 

the successive determination of the coefficients A,,. 

‘Ihe case of the zero root corresponds to the equilibrium of the me- 

rating system. Consequently, the equilibrium of the generatiM solution 

~0e.s over into the equilibrium of the complete system. 0nly the coordi- 

nate of the equilibrium position can change. 

5. let the function f(x,kx’, n) be independent of cr and have the fonh 

f(x, kx’) = kf, (x)x’, In th is case the expressions for H,b I simplify to 

H2 (4 = k -$ VI (50) Cl] 
(5.1) 

(5.2) 

(5.3) 

It can be shown that in this case C,‘(2n ) = 0 and C, (2~ ) = 0. 

& the basis of (2.12) and (3.3) it follows that A, = 0 in the case 

of simple roots of the equation for the basic enplitudes. Further it 

can be proved that in the case of a root of irmltiplicity n the equality 
d”-lC /dA “-l = 0 holds 2 0 . 

6. Finally, consider some examples. 1. Let the function f(x,kx’) be 

of the form 
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I(s, kx’)=k(a+Ex+pP+~+y+)x’ (6.1) 
lhe equation for the basic amplitudes, after rejection of the zero 

root, is 

yA$+ 2pA,,'+6a = 0. 

lhe double root of this equation is 

A,'=-P/7, j38=&%7 

The equation for the determination of the coefficient A, is 

'Ibis equation does not possess real roots either in the case 
I$ eKr 0 or in the meral case. Thus, in the case of multiple roots 
of the amplitude equation, periodic solutions of the equation (1.1) do 
not exist if the function f(x,kx’) is given by the formula (6.1). 

2. Let f(x, kx’) be of the form 

f (5, /GE')= k (a + pz” + p+ + W) X’ (6.2) 

The equation for the basic amplitudes (besides the zero root) is 

56A,e+87A,,4+16~A0a+64a=0 

If one considers a double root of this equation, then au additional 
equation 

156A,4+167A,a+16~=0 

must be considered. 

Evaluating C,(r) we obtain that 

C,(T)= * A,,sk-1 [&6A,a sin7T+ (-& BAo8 + $7) sin5s- 

- (f SA,,a + fr) sin%+ (g SA; + fr) sin%] 

For the coefficient A, we have the equation 

(156Aoa + 87) AI2 + &. A,“‘k-* (+ PAo6 + s raaAo” + 

+ ‘= $iAo* + $73) = 0 
18 

For 6 = 0 a periodic solution will not exist (as a consequence of 
Fxmple 1.). For 6 f 6 a sufficiently narrow interval will exist in which 
periodic vibrations are possible. These intervals are bounded by the zeros 
of the polynomials, beinn the coefficient of Ai* and the free texm of the 
equation. We have 

- 1.875A02 < r / 6 < - 1.527A02 
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‘Ihe upper bound is determined only approximately. Ibe period of vibra- 
tions up to the terms containing p3 is 

‘Ihe vibrations themselves up to tens containinK p2 are given by the 

fomula 

z(~)=A,cos~++A,cos~+C~(~)]~+ . . . 

here A,, A, and CI (r ) are determined by the above mentioned formulas. 
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