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The method for the construction of periodic solutions of autonomous
systems with one degree of freedom is worked out in detail for the case
of simple nonzero roots of the equation for the basic amplitudes [1,2].
The present paper considers the general case when the roots of the above-
mentioned equation, being real and nonnegative numbers, can have any
multiplicity.

1. Consider a nonlinear vibrating system with one degree of freedom
dz dx
g +k2x=—_p.f(x, - p) (1.1)

The function f(x, dx/dt, p) will be considered analytic with respect
to its arguments in a certain domain. The quantity g is a small para-
meter.

Introduce a new independent variable r = kt. Then equation (1.1)
assumes the form

daz d
= ff(e ke, w) (1-2)

In what follows the derivatives with respect to r will be denoted by
a letter with a prime.

Since the system is autonomous, then without loss of generality one
of the initial conditions can be assumed to be

z (0)=0 (1.3)

Corresponding to this assumption the solution of the generating equa-
tion (g = 0)
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Zy" (7) + 2o () =0
has the form x, (r) = Ajcos 7.
We shall seek periodic solutions of the basic equation (1.2) by the

method of a small parameter. Let the second initial condition be of the
form

z(0)= A, +B (1.4)

where 8 is a function of g vanishing for g = 0. Then the unknown func-
tion x will have the form x = x(r, B, p).

It is well-known that the period of vibrations of the autonomous
system (1.2) depends on the parameter u and may be put in the form of a
sum T = 27 + a, where 27 is the period of the generating solution and a
is a certain function of g vanishing for u = 0.

Let us determine the structure of the function x(r, B, u). Assuming
that this function can be developed in a series of integral powers of
the parameters B and u, we shall have

(5, B, 1) = 7 (0) + By (B + C: () +B2 (9Bt + Dy (e + Ca () + . ..
The functions B"(r ) satisfy the equation
By"(x) + Ba(r) =0 (n=1,2,..)
the initial conditions being
B,(0)=1, B,/(0)=0, B,(0)=0, B,/0)=0 n=2,3,...
Consequently,
B,(t) =cost, Ba(r)=0 (n=23,...)

Taking this into account, the function x(r, B, u) can be represented
in the form

hd ac 3C
205, B, #) = dgcos+ Beost+ 3 (Cu + 50 B+ 55028 4. )un (1.5)

n=y1

It is necessary to remember that all Cn(r) and their derivatives with
respect to 8 are evaluated for 8= = 0. From formula (1.5) it follows
that the identity

(e~ e .6

holds.
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It is obvious that this property is possessed not only by x but also
by any of its derivatives with respect to r. In particular,

(%)= (). o

Let us prove that differentiation with respect to 8 can be replaced
by differentiation with respect to A; also in mixed derivatives of x with
respect to 8 and pu, these derivatives being evaluated for the zero values
of the parameters. First notice that under the assumptions made the
function f(x, kx’, p) can also be developed in a double series of inte-
gral powers of B and pu.

Consider the coefficient of 8™ ! in the expansion of x(r, 8, u).
This coefficient can be obtained by solving the corresponding nonhomo-
geneous differential equation of the second order for the initial condi-
tions equal to zero. Multiplying both sides of this solution by
m! (n + 1)! we obtain

(a"""‘"-i-lz _n 1 T 2 "H-ﬂ/ . B
\apMmauntl ) k3 (S,(aﬁmaun)o sin (t — 1) dr, (1.8)
Assume that
amin [ ™
(85’"6&1" )a:o' =0 - (aAomay,n )a_o' n=0 (1 '9)

and that a similar identity exists for x°. Let us prove that analogous
formulas hold for the mixed derivative of the order m + (n + 1).

Since

e (‘3’_‘ oz CANCIIE A L4 gtz
ap™au" TNOBT O T gpmaun T 9B T ow VT ggmgyn )

B
3B™ap™ /a0, u=o  \3A,™0u" Jg—o, u=o

From the formula (1.8) and the formula obtained by differentiating
both of its sides with respect to r, the sought relations immediately
follow. The identity (1.9) holds for n = 0, and, consequently, it will
hold also for any n. Analogous identities hold for any derivatives of x
with respect to r.

then

Making use of these properties, the function x(r, 8, u) can be re-
presented in the form

z(%, B, w) --Aocos-:—i—ﬁcosr-{-z( "+6A B+ "aA2?’2 )y." (1.10)
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Consequently, in order to construct the function x(r, B, ), it is
necessary first to know the coefficients Cn(r) of u*. The remaining
coefficients of the double series can then be obtained by successive
differentiation of C,(r) with respect to Ay. Denote

S S e &
H'n (T) - (n — 1)! (dp,n—l )B:O, n=0

where df/dy is the complete partial derivative of the function f(x,kx’,u)
with respect to u. The coefficients Cn(r) satisfy the equation

1
Ca" () + Car) = w Hy (v)
the initial conditions being C,(0) = 0 and C,"(0) = 0. From this it
follows that

,,('t)-—k—zSH"(Tl)Sln(T-—-TI)d‘El, C'(®) = SH (ty) cos (t — ) dr,  (1.11)

The first four functions H"(r) are

H, (<) = [ (x,, kz', u) = f (4o cosx, — kdysin =, 0) (1.12)
Hy () = (af) G+ (5), 0 + (5, (1.13)

Hy(7) 27( /) C+ 5 bX ’gxf)cx’z + 5 < f) +(8:afz )CICL,+
+ (e (0xau) : +(§£) Gt (), & (1.1%)

= 3 ) e+ () o+ S (0 + same) oo+
SR A ENTE XY A A
+%(axa:9fu) ¢/ +(m) C.C) + (axz) CiCy + (gz_g) C/Cy +
+Hwae),C0x + 00+ (G5) 0 (a7ae) o4 + ()60 + ().
The subscrip O indicaves tht in the paveial devivavives of the

function f the variables x, x* and g must be replaced by A, cos 7,
~ A, sin 7 and 0 respectively.

2. The periodicity conditions for the function x(r, B, p) and its
first derivative with respect to 7, in conformity with the initial con-
ditions (1.4) and (1.3), can be given in the form

22 + o, B, 1) = 4o + B @.1)

% (2% +a, B ) = 0 (2.2)

From condition (2.2) which defines the quantity a implicitly, let us
determine a = a(B, i) in the form of a double series of integral powers
of B and pu. For the determination of the coefficients of this series it
is necessary to calculate the partial derivatives of a with respect to
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Bandp forr =27 and B=p = 0,

The existence of partial derivatives of the implicit function a(8, )
is assured in the present case by the condition

2 (2r, 0, 0) = — Ay == 0 (2.3)

Thus the construction of a series solution for the function a(B, u)
is possible only in the case when the amplitude of the generating solu-
tion is different from zero.

Since all derivatives of x’{r, B, u) with respect to B are equal to
zero for r = 27 and p = 0, then
am
(aa )u—0=0 (m=12..)
On the basis of the identity (1.9) in mixed derivatives the differen-
tiation of the function a with respect to 8 can be replaced by
differentiation with respect to Ao, i.e.

(a"‘+"a ) ( amtng )
83" Jomo, um0  0A,™3u™ Jg—o, u=o

Consequently, it is only necessary to calculate the partial deriva-
tives of the function a with respect to p. Calculating successively the
first four derivatives, we obtain

(50), = 7 Cx' @0 = M (20) (2.4)
(Z%) = -2— [Cz' (2ﬂ) + ,% H,(2m) N, (21:)] = 2N, (21:) (2.5)
(5), = {Ca (2m) + g Hy (2%) Nz(zn) —[C2 @) + g€ (2m) —

— s B (21:) Cy' (2r) — - H, (27:)] N1(2-r)}-—6N3 (2r) (2.6)
(&0, -% {c,, (2m) + - Hy (27) No(2) —[C5 (27) — 5 Ho (25) | Nof2R) —
—[csi2m) +A 2 (2m) Cy' (27) — o Hy @) G/ 2r) + it (27) C12(2m)—
H," (2x)C,'% (2=) — H, (2=)H, (2=)C,’ (2=) —

k‘A 2 k“A 2
— g G HY 2R 00 2R — Lo,y (2x )] (2n)}= 24N, (2%) 2.7

Hence for the function a we obt,ain the expression
oa

w @)= (Mat mB+ 4200+ (2.8)

TN=}

Let us note that all quantities N, and their derivatives with respect
to A, are evaluated for r = 2r and B =u=0,

Now consider the condition (2.1). For a preliminary simplification of
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this condition expand the left-hand sides of (2.1) and (2.2) in series of
powers of a. Multiply the equality (2.2) by a and subtract it term-by-
term from the equality (2.1). We then obtain

2(2m, B, b)— o (25, B, ) — Lata” (25, §, p)— L ata (25, B, p)m... =

=4, 48 (2.9

Substitute in this equality the expressions for x(2#,8, u), x”(2n,
B, #), ... as given by formula (1.10) and for a its expression by formula
(2.8). The terms of the left-hand side of this equality are products of
two functions, each of which possesses the property (1.9). Terms on the
same side which are independent of u are compensated by the right-hand
side. Thus the condition (2.9) can be put in the form

- -]

Z(M +aA 3+2 aAz B+ ) =0 (2.10)

Nnae]

Let us note that the quantities M are also evaluated for r = 27 and
B = p = 0 Calculating them we obtam

M, (2x) = C, (2%) (2.11)
M2(21:) =C,(2r) 4+ C,'%(2x) (2.12)

22
My(2r) = C3 (28) + ——[Cy' (20) + g Ha(2m) c1 @n) Jerem  (243)
M (2r) = C, (2x) + 270‘ €y (2r) + I[Cs (20) + g Ha(27) s’ (2m) —
——cz(zn)c '(2) — g4 O (2 %) + g Hi' (20) 1'% (2r) +
+ g Ha (2) €)' (27) + g Ha? (29) € @mer @n  (214)

3. The obtained formulas permit us to pass to the determination of the
quantities a and 8 and to construct periodic solutions of the equation

(1.2).

Assume that the quantity 8 can be expanded in a power series of u, i.e.

=) Aus” (3.0)

n=1
Substituting this series into the formula (2.10) and equating to zero
the coefficients of all powers of i, we obtain®

M1 (2x) = C, (2r) = 0 (3.2)
"Cl Lt My(25) = ‘ (3.3)

* The formulas (3.2) to (3.4) coincide with the periodicity conditions
(21), (26) and (31) for the functdons a"(r) in the paper [2 ],
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Arggt + g Art gt + Ay gt + My (20) = 0 (3.4)
aC!+A2(aM'+AI A a)+ Al 8A'+
g At T Ay G+ M (20) = @3)

T 4 s e 8 8 B 8+ T 5 B s e B8 2 e s o s @

From the obtained condition the amplitude A of the generating solu-
tion and the coefficients An(n =1 2, ...) determmmg the initial dis-
placement 8 of the system can be calculated in succession.

The condition (3.2) is an amplitudinal equation from which A, can be
calculated. If A; is not a multiple root of the equation (3.2), then from
the remaining condltlons, which are linear with respect to A, Ay, ...,
these coefficients can be calculated in succession.

If equation (3.2) has a double root, then for such a root 6'61 / 9A0=

In order that a periodic solution exist in the last case, it is
necessary that the supplementary condition M,(2#) = 0 be satisfied. This
last fact is easily seen from the condition 13 3.

If this condition, together with that of (3.2), is identically satis-
fied, then d M, /aA = 0, The coefficient A, 1s given by the quadratic
equation
2 &°Cy

aA’ +M3(2‘R)=0

1
74
Since the quantity A1 must be real, then there can exist for A1 either
two values or none at all. The equation for the determination of the re-
maining coefficients 4,, AB' <.« will again be linear.

The case of a triple root of the amplitude e=quation (3.2) can be dis-
cussed in a similar way, Here, for the existence of a periodic solution,
it is necessary to satisfy one additional condition M,(2#) = 0. The
coefficient A, in such a case is determined by an equation of degree
three.

It is obvious that for a root of multiplicity n of the equation (3.2),
n — 1 supplementary conditions will have to be satisfied, and the coeffi-
cient A1 will be given by an equation of degree n.

Thus, in the case of multiple roots of the equation for the basic
amplitudes, bifurcation of the generating solution is possible.

In order to determine the period of the solution of the equation (1.2)
assume that this period can be represented in the form of a series in
powers of pu,
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T =2c(14+hp+ hyp?+--) (3.6)
Then -
% =25 ) hpun (3.7)
n=1

Substitute in the right-hand side of the formula (2.8) the expression
(3.1) for B and replace the left-hand side by the series (3.7). Equating
the coefficients of equal powers of g on both sides of the equality we
obtain*

h1=-—1—N1 (3.8)

112=~-(A1 L+ N, (3.9)

hy = o (4.2 Ll ity L g;v; + 4,2 AL (3.10)
b= g [ 45 "”"‘+A;(§TN’+A1§/’,V;)+6 R

g A Sak + A Gat + No] (3.11)

Let us make an additional substitution for the independent variable

by putting
T=1o(l - yp + Agu® 4 - - -) (3.12)

and let us look for a solution of the equation (1.2) in terms of 7o+ This
solution has period 27, independent of p. Substitute (3.12) for 7 mto
the functions Cn(r) and cos 7 and expand them in series of powers of p.
We then obtain

(u( )_ ( 0) T h] OC ( O)y'+ [h’ n/n ( 0)"'}— L }Llr)*oq(/'n” (T”)][J, —{‘ . (313)

and
CO8 T = €08 Tp— h)T,; SiN T — (hgco sin t, -+ —; h,%74% cas 'co) @ —

— (hyzy sin 1y + hyhyz,? oS 7o — % h3t® sin o)t — - - (3.14)

Substitute into the formula (1.10) the expressions (3.13) and (3.14)
for the functions Cn(r) and cos r and drop the subscript O of o Expand
the left-hand side of this formula in the form of a series in powers of
the parameter g, i.e. let

* Formulas (3.8) to (3.10) coincide with the formulas (22), (27) and
(32) of the paper 2 ], obtained from the conditions of periodicity
for the functions bn(r).
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z (1) = 2o (%) + uy (7) + w22 (v) + - - - (3.19)

Equating the coefficients of equal powers of ¢ on both sides of the
equality, we obtain

Zy (%) = Agcost (3.16)
Z;(7) = 4 cost -+ €,y () — hydgrsine (3.17)
2 (5) = Ay cos 7+ C3 (1) + bytCy’ (3) + 4 got —
— hyAyesin s — 24t cos T — hyAgrsins (3.18)
dCs 302

x5 (%) = 4,cosr—§—C3(-c)+h,'cC2 () + A7

+ hy?72Cy" (x) +
+ hytCy' (7) + A2 + Al %:_2 — hlAz': sinz ——-2— — hy2 A7 cog Tt —

+ hlAl'c

— hyA tsinz + + P Agt sin T — By Ag=? cost — hydyzsint (3.19)

..........................

It is obvious that the functions C,(r) contain nonperiodic terms which

are compensated by the terms depending on h,, hz, eeny by

4. Consider the case of a zero root Ay = 0 of the equation (3.2) for
the basic amplitudes.

let us note that one root of the amplitude equation is always zero,
which may also be a multiple root of odd order. The preceding analysis,
however, is not applicable in the case of a zero root.

By means of formula (3.12) introduce into equation (1.2) a new inde-
pendent variable. Then we obtain

AR T m f;x, "y x', p.) (4.1)
where
h==1-hp+hp?+ .. {4.2)

Let us look for a solution of (4.1) in the form of a series (3.15).
The function x;, is determined by the equation

3:1’ + x1 = k_zf(ﬂ, O, 0)

The solution of this equation under the conditions (1.3) and (1.4)
have the form

= P,cost+ k7% (0, 0, 0), Py =A4,—k%(0, 0, 0)

For the function x, we have the equat.ion

o o 22 = = 2+ 22 70,0, 0) 4 [(2), 7 + (L), =+ (20))]
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1f A, = 0 is a simple root, then from the periodicity condition for
x, it follows that P1 = 0, In the case of a multiple zero root we have

the condition
()] 7=

Under the assumption that the expression in the squared brackets is
equal to zero, it follows from the periodicity condition for the function
N that P, = 0. Hence we have that xy = A,. From the conditions of
periodicity for the immediately following functions x, we obtain that
x, = Az, xy = AB’ and so on. Consequently,

2= D) Awam =B () (4.3)

n=1

Thus the zero solution of the generating equation corresponds to the
time independent solution of the complete equation.

Substitute the obtained value of x in equation (1.2). Then
B=unk?f(B, 0, w (4.4)

Expanding both sides of this equality in series of powers of g and
equating coefficients of equal power of u, we will obtain formulas for
the successive determination of the coefficients An.

The case of the zero root corresponds to the equilibrium of the gene-
rating system. Consequently, the equilibrium of the generating solution
goes over into the equilibrium of the complete system. Only the coordi-
nate of the equilibrium position can change.

5. Let the function f(x,kx’, u) be independent of i and have the form
f(x,kx’) = kf (x)x*. In this case the expressions for H (r) simplify to

Hy (1) = k2 1y () Ca] (5.1)
Hy (@) = k-5 [ 11 (@) G + /1 @) G (5.2)
Ho(®) = kg [gh" @) G+ 1 @) CE+ @G| (5.3

It can be shown that in this case C,"(2n )=0and C,(27 }=0.

On the basis of (2.12) and (3.3) it follows that A, = 0 in the case
of simple roots of the equation for the basic amplitudes. Further it

can be proved that in the case of a root of multiplicity n the equality
an-icz/aAO"-l = 0 holds.

6. Finally, consider some examples. 1. Let the function f(x,kx’) be
of the form
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/(z, k') =k (x + ez + Pa® + xz® 4 yzt) 2’ (6.1)

The equation for the basic amplitudes, after rejection of the zero
root, is

ydo* + 2441 + 8a = 0.
The double root of this equation is

——p/'\" p’=8¢

The equation for the determination of the coefficient A‘

AP+ g A7 (g A 4 T AL+ Fex A3+ e ) 0

This equation does not possess real roots either in the case
€ =« =0 or in the general case. Thus, in the case of multiple roots
of the amplitude equation, periodic solutions of the equation (1.1) do
not exist if the function f(x,kx’) is given by the formula (6.1),

2. let f(x,kx’) be of the form
I (z, kz')y =k (« + Ba® + yxt + 82%) 2’ (6.2)
The equation for the basic amplitudes (besides the zero root) is
58AS+ 8yAst + 1684y + 640 =0

If one considers a double root of this equation, then an additional
equation

15844 + 16442 4168 =0
must be considered.
Evaluating C, (r) we obtain that
C1(7) = o Ak [ ~84,%sin 7t + ( 840® + 5 7) sin 5t —
— (—8A., + 2y sin 3+ (2845 + 2 y)sing
For the coefficient A1 we have the equation
(15542 + 84) 4,2 + =X+ m‘ RIS (2117 84,8 e 1321 1514, +
+ 5142 + 1) =0

For 6 = 0 a periodic solution will not exist (as a consequence of
Example 1.). For 8 # 0 a sufficiently narrow interval will exist in which
periodic vibrations are possible. These intervals are bounded by the zeros
of the polynomials, being the coefficient of A 2 and the free term of the
equation. We have

— 187542 < ¢ /8 < — 1.527 4,2
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The upper bound is determined only approximately. The period of vibra-
tions up to the terms containing u3 is

=-gl:-‘- [1+;1‘7A08k-2(%62A04+%8TA02+:_72)F:+_ . ]

The vibrations themselves up to terms containing g are given by the
formula

z(t) = Agcost+ [4,cost+ Cy(t)]e+ «-
where 4,, A, and Cl(r) are determined by the above mentioned formulas.
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